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VI ABSTRACT

Eq atioas of motion are developed for a towed body moving in a plane defined by
gravity and the fore-and-aft axis of the ship. Solution of the cross-coupled equations

'enables predictions to be made of towed body heave, surg., and pitch motions.

The towline is approximated as a spring with one third of its mass added to the
body at the towpoint. A disrussion of computational techniques to compute masses,
damping constants, and spring constants is also presented. Because of the number of
terms in the equaior~s for heave, surge, and pitch, the solutions have been pro-
grammed in FORTRAN IV.
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EQUATIONS OF MOTION FOR A TOWED BODY
MOVING IN A VERTICAL PLANE

INTRODUCTION

The designer of a ship-towed system must be able to predict
the motions of the towed body. In designing a body that should
have minimal response to external excitations, he should have
such information available in order to avoid a resonance in any
of the body motion modes.

This report presents solutions of the cross-coupled equations
of motion for a towed body moving with heave, surge, and pitch
motions and for various ship-input conditions. By the use of body
and cable constants, one can optimize a design for whichever
criterion he must satisfy, be it heave, surge, or pitch, or any
combination of the three motions. The analysis is limited to
motions in the vertical plane, since additional information that
could be derived from solving equations of motion for a body with
six degrees of freedom did not appear to be significant at the time.
In general, towed bodies have symmetry about a plane defined by
the vertical and the fore-and-aft axes.

The primary force input to a cable-towed system is taken to
be the vertical force at the point of attachment of the cable on the
ship. This limitation on the analysis is reasonable, because
forces in this plane will not couple into sway, roll, or yaw for a
symmetrical body. The solution may be extended, however, to
apply to a body moving with all six degrees of freedom.

Lurn i solves similar equations byusing the Laplace transform
technique for the open-loop pitch response of a towed body; how-
ever, the results are somewhat difficult to use to find towed-body
response for specific input conditions.

IS. N1. Y. Lurn, A Thcoretical Investigation of the Body Parameters Affecting the Open-
Loop Pitch Response of a Submerged Towed Body, David Taylor Model Basin Report No. 1369,
February 1960 (UNCLASSIFI ED).
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ANALYSIS

A typical towed system is shown in Fi 1 Th dya c
model of the system is presented in Fig. 2.

/

TOWLINE

TOWED SOD

Fig. 1 - A Towed System

The dimensions, masses, spring constants, and damping fac-

tors for Fig. 2 are defined as follows:

Cby - damping factor of the body alone for motion in the y-direction

Cbz - damping factor ot the body alone for motion in the z-direcion

Cbr - rotational damping factor of the body alone for motion about the x-axis

cc - damping factor of the tail alone for motion in the z-direction

D - vertical distance from center of mass to tail center of damping

G - vertical distance from the center of mass to the tail's effective center
of resilience find damping.

h - v e r tica l d i s t a n c e f ro m t h e c e n t e r o f m a s s to th e to w p o in t

vertical distance from the center of mass to the body's center of damping

Kb spring constant due to change of body lift with angle of attack

Kcy spring constant of deflectee :owcable in horizontal (y-direction)
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Fig. 2 - Djnamic Model of Jhe Towed System

Kcz - spring constant of deflected towcable in vertical (z-direction)

Kt  spring constant due to change of tail lift with angle of attack

Ke,- sl ing constant due to change of tail drag with angle of attack

Kw  - rotational spring constant due to pendulous effect of the wate: weight of
the body below the towpoint

Lbt horizontal distance from front of body to the center of body lift

L CD horizontal distance from front of body to the center of body damping

L CM horizontal distance from front of body to the center of mass

Lt  - horizontal distance from front of body to the effective center of the tail

LT horizontal distance from front of body to the towpoint

Mb - mass of the body and tail

__l3
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mc  - MAS3 of the towcable

mfw - mass ofwster that floods body

m hby - hydrodynamic mass of the body in the y-direction

mhbz - hydrodynamic mass of the body in the z-directiom

mhcy - hydrodynamic mass of the cable in the y-direction

mhc Z - hydrodynamic mass of the cable in the z-direction

mht - hydrodyamic mass of the tail in the z-directioa

a - vertical distance from towpoint to center of gravity of the dry body

W - vertical displacement of the towpoint on the ship

wb - weight of the body in sea water

YJ - horizontal distan,;e from front of body to center of gravity of the dry body

Y2  - horizottal distance from front of body to center of body hydrodynamic mass

Y3 - horizontal distance from front of body to center of body flood water mass

The center of mass of the body can be located by taking
moments about some reference point. For its location in the
y-direction

y mb + Y2 mhbz + Y3 mfw + Lt mht + LTP (1/3 mc + 1/3 mhcz)
mb + mhb z + mfw + mht + 1/3 mc + 1/3 mhcz (1)

The mass and hydrodynamic mass terms of the cable are included
in Eq. (1), following the usual convention for dynamic problems
to include one third of the mass of the spring. A more thorough
analysis might be patterned after the work of Dr. L. F. Whicker. 2

The rotational spring constant Kw  is equal to wbn if

angular displacements are assumed to be small. The spring
constants Kb and K t  are actually rotational spring constants
but are shown as linear springs in the z-direction for ease of
computation. The constants can be computed as follows:

2L. F. Whicker, "The Oscillatory Motion of Cable-Towed Bodies, '" Doctoral Thesis,
University of California, Berkeley, California, May 1957.

4
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Kb p12 AbV 2 (AC~b) (2)

=c P/2 At -V2 (.A C,), (3)

and

K Dt p12 At V2 (A CDI), (4)

where

.= fluid density,

Ab = horizontal projected area of the body,

At = horizontal projected area of the tail,

A b-~ change in lift coefficient of the body with angle of attack,

ACf. change in lift coefficient of the body with angle of attack, and

AC Dr = change of drag coefficient of the tail with angle of attack.

A criterion for stability is that the lift moment of the tail must
be greater than the lift moment of the body; it can be expressed
mathematically by

Kt (Lt - LCM) > Kb (L cm- Lb,)

Using the equations of motion for a resiliently supported body'

with six degrees of freedom as presented by Harris and Crede, 4

3This form of equation of motion is used because of its linear form. Viscous forces are
r'npresentr!d as damping constants and inertial history terms are assumed to be negligible.

4C. IV. Harris and C. E. Crede, Shock and Vibration Handbook, vol. 1, McGraw-Hill
Book Company, Inc. , Necw York, 1961.
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but restricting the motion to a plane with inputs occurring in that

plane only, we can write

~M=1xxa ( A. - KY Ad y +S (K 2 A -Ky, Ad)(Z -W)

(5)
+: E A+K A 2 -2K A A) a+ (CzA'_CYYAz) ic

yy z zz Y y z y ~ YZ Yy Z

SFy 3f goc+E KyYc + E Kyzc-w)+ E (KzAy-Ky Az)a

~(6)
+ Cy + C ( -- y)+ (Cy z A' -C, Az'),

CmnYY z ..+ Cy2 a' Y

and

Fz = mzc +L KYZYC+ E Kz(c W)+ (KzzAy -Kyz A a

Cyz c~ 22 in+F 0 (C A; Cyz '

where

A = coordinate distance from the body's center of mass to the elastic center
of the resilient element;

A' coordinate distance from the body's center of mass to the effective center
of the damping element;

C damping factors;

F dynamic input force applied at the body's center of mass;

I - mass movement of inertia;

K spring constant;

m body mass;

M = dynamic input moment applied at the body's center of mass;

W = vertical displacement of the ground point of all vertical springs;

6
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y, y, y = displacement, velocity, and acceleration in horizontal direction of the
body's center of mass relative to earth coordinates;

, , = displacement, velocity, and acceleration in the vertical direction

of the body's center of mass relative to earn coordinates;
a, a, a = angular displacement, velocity, and acceleration in a vertical plane

(defined by y and z) of the body relative to earth coordinates;

and where

subscript c = reference to center of mass;

subscript x = rcfe.rnce to x-direction;

subscript y = reference to y-direction;

subscript z = reference to z-direction; and

subscript a = reference to a-axis of rocation.

The computation of the various coordinates distances A and
A' is as follows:

for the spring representing the cable,

Ay = LCM -LTP

Az = h;

for the spring due to tail lift,

Ay = LCM - Lt

Az = G (negative if effective center of tail lift is below the center of mass);

for the spring due to body lift,

Ay = LCM -Lbt

A2 = 0 (it is assumed that the effective center of body lift lies on a

the horizontal plane of the center of mass); ,f

7



for the center of damping of the body,

A; = LC -LCD

A' - j ; eegative if cewer of damping lies below tie cenur of mas);

for the center of damping of the tail,

A=CM -

A' G (negative if the center of tail damping is below the ceow of mass).

We may now consider the actual towed system and use allmasses, elastic elements, damping elements, and input forcesin order to apply Fqs. (5), (6), and (7). Rewriting Eqs. (5),(6), and (7) with the above conditions and coordinate distances
and assuming that

K = K = 0 for the cable, and

Cy z = Czy = 0 for the body,

we have

Mx = (b + hb) a + (- Kch h) yc + [Kc v (LcM - LL P) I (zc - W)

+ (Kch h 2 +Kcv (L CM - LTp)2 + Kt (Lt - LCM) I- Kb (LCM - Lbt) + K,, + Kdt D.

-(Cbh. JPic + [Cbv (LCM - LCD) - Ct (L t -LCM) I c (8)

+[Cb h j 2 +Ct (L t - LCM) 2 +Cbv (LCM LCD) 2 +Cb Ia,

8
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F Y= gy T 4KCL YC (KcL h - K 'd a Cj .eCy,/L - Cbb il ~ 9

and

Fz= MC zc + Ky, (zc - T) + IKcV (LcM - LTP) + Kb-Kt I a

(10)
(Cb. zC. c +I - C (Lt - LcM) + Cb, (LcM - LC) + Cb/Lb'

where

b = mass moment 4f inertia in de p::cb plane about the center of mass;

Jhb = hydodyamic mass moment of inrtia in the pitch plane aboux the center of mass;

Fy = forcing function acting on the center of mass in the y-direction;

F z = forcing function acting on the center of mass in the z-direction;

Mx = forcing function acting about the center of mass in the pitch plane;

=ty total oscillating mass in the y-direction (m, = m + mhby + mfw

+ 1/3 mc + 1/3 mhcy); and

m = total oscillating mass in the z-direction (mt, tmb + mhbz + mf w
-z mht + 1/3 mc + 1/3 mhcz).

The spring constant due to body lift is negative in Eq. (8)
because its effect is to upset the body if it is displaced. Other
assumptions applied to Eqs. (8), (9), and (10) are that cable
damping is small compared with body damping and that the
center of tail damping lies along the vertical height of the center
of mass. It is also assumed that the flood water mass center,
the hydrodynamic mass center, and the center of body heave
damping lie in the same horizontal plane.

9

"37-Tr



I SOLUTION OF EQUATIONS

In order to change the equations of motion (Eqs. (8), (9), and
(10) ) into dimensionless form, the follow-ng steps are taken:

(1) All a terms are multiplied by 1-6/Lb, where Lb is
the body length.

(2) The two force equations are divided by wb, the body
weight in water.

(3) The moment equation is divided by wb L-b.

Therefore, Eqs. (8), (9), and (10) become

Uz + X(LCM .LTV r~~hl - Kbbj F, (Lc ~Lp)

L,<,--,-.,, r (Lb a)- 1,- + I ,I-

[ll~ClrI ( ,¢-LCM~l LTPi) 2 t +,K,(L, - LCl). + Kb(L-rM. Lbt) K. +KdC Dl
LLb J (aLb)

(I)
Lb bJ CL Lbb [L
+ c h+K V(CM -L T)+b,(Lt cmC) + br b v d ab

[cbhi2~c2 LWb

+ 1. . (Lb - +; O

W b + Lb-bI

[h j ' & LC -L 1 b Lb J L b

((L1

F l + /L,-bh] c h ,,

+L i , ' L b a

10



VK ~z [cyV - K[ C ( c LTD) 4Kb LZ
Wbb [wbJ + 17 L t L ~b ba

+[Lb + IE +_t( CM) -Cb (LcM -LCD) +Cb L

For Eqs. (I,(Iand (I-TI), let

Lb qV

L b a q j

and

Lb a q

In the equations that follow, the te rms I, I I, and I II indicate
Eqs. (I), (II), and (III), respectively, and the subscript
following these terms represents the variable that multiplies
the term.

r [b +~W J
LKc 2

[K,(LcM%,L)

z Lb Wb

r -f,



C2M+ -LP 2 + 1

rCbv (LCM -LCD) +c C

I Lb WbJ

qin[bhI+C (LML)4C(LMLO) 2 + Cbr]

L'Wb

II. -y I9

rKchh -KdtJ
q Wb Lb

Cbh]

Cbh Cbl
F-+

L12

4~~ ~ ~ b__ _ _ W b. L -
%fr)]z 

% r ~ - ~ -



'z [b A
[KC (L cm-LTP) +Kb-]

I L b L K

* Cbv (LCM LC D) -Ct1 (Lt LCM) +Cbtr/Lbl
v L b L bJ

[MX +K cY L cm LTPWLb Wb

[ Fz +WKCV

13



The equations r.t;- .ow become

Pa
P = y I z +Iq q-Iz+ , (IA)

Y =Ily+IyY-lqq+I;Y-I 114 (1IA)

Z = IIlIZ ;+Ill +lllqq +-II[ +lIl4q; (liA)

or in matrix notation,

". 0 .y "uo 0- y "Y

11 I z  0 Z +o IIIj 1114 + 0 111 z  IIIq z ! Z Zy ly

0O 0 "1. L4. -I Iz 4 I C ly Iz  lq Lq _ P.

or

M Q(t).+ C 0(t) -K Q(t) = F(t). (11)

The solution to Eq. (11) involves a complementary and a

particular integral. The complementary solution, which is
obtained by setting the forcing function F (t) of Eq. (11)
equal to zero, is

Qc (C/zm)t (C 1 cos LGnd t + C2 sin (Jndt) ,

14



where

t = tme,

aC 1 and C 2 = arbitrary constants, and

(an d - damped natural frequency of the system.

It can be seen that the complementary solution is a transient one
that diminishes with time. Therefore, the steady-state condition
is described by the particular solution.

To effect the particular solution we let

F (t) = FO Cos 40 t,

and assume that

Ir ~Q = Q 2 Cos Oic+ Qsin (at,

where

w= forcing frequency.

Taking derivatives and substituting in Eq. (11) we obtain

=-cO Q sin cut + CaOQ Cos (it,

and

-W 2 Q ot - w" Q, sincowt

therefore, we have

_W2 M (Q2 cos cot Qjsin cut)+ cOC(Q 1 Cos COl-Q 2 sin ot)

+ K(Q 2 Cos (ot Q1 sin (6Jt) =F 0 cos (it

15
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Equation (12) must satisfy the condition that the sum of the forcesin the vertical and horizontal directions must equal the inertia

forces in thse directions. Hence, we have

(I2 MQ2 +(CQ 1 + KQ2 = F, (13)

and

-ca 2 MQ -CQ 2 +KQ1 = 0. (14)

Because M, C, and K are matrices, multiplication of these
terms is not commutative.

Solving Eq. (14) for Q 2 and substituting into Eq. (13),
we obtain

Q2 =±C-1 [K -J2MIQ 1 ,
Cd

and

C-1(K- M) C-(K-M) QI C- F.

Solving for Q,, we have

Q1 I C-' (K -OJ2 M) 2 + I F,

in which

II; 0 -I11

C 0 III* III4

1z

16
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and

& yy C7z yq

C'1 . Czy Czz Czq

Cqy Cqz Cqq

where
cyy = z~; xII',

111. 11/A,

czy qCz,=-III I/A,

Cqz -11; 1;/A,
c,=I; III/A,

Cyq = II Ii1/A,

cy = -II I/A,

Czq = -II; II1;/A, and

Cqq = II11 II/A,

where

A y 1 11 14 - q11 1; - 11 (1 ;1

Performing matrix operations for the terms in the expressions

Q, and Q 2 , we obtain

cy yz Cyq I y Ili0 II

C-1 "(K - M)= z C j I 0 11 I 1 T  q I

qy Cqz Cqqj a-l1y I z  I q- cd21

17
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and

CL) y y yq y zC) I)Cyq Iz

-c C 111Ilq C" "q 4 Cyq(Iq - 02 1-) C 7 (i co2 11-)
-I~~~~~~~ Czq Yzq- yC~(Ii-~ I~-~ 1 q~ 1

1y q Cz l CZ (111 2 1; CI 1 C Z II(
+ zqlq- )2Iq )cqy (1y 2 y _Cqq y cqz (IliI- 111j)

+Cqqlz -Cyl Ii +CqzIII +Cqqlq (0 C21i

Let

ry ty r yq

-(K-o 2 M) .1 rz r r6~~Y zz zq

L qy r qz qq

Now forming, we have

(K rz r~ r q rzy rzz rzq +

rq qz !qqj rqy rqz r qqJ

~L



If 2 4 f rrr+y ZZ(r yyzz ry zzrz yy ryq + yz zq

/rr (02) +1 +f.2
rq qy +qz +f r.C1J2 )2

r + +r f rf + r2  'r ZS + r r~ZY yy zz zy zy yz zz qz z

+r zq tqy ) (1/I(D2) + rqwrzq )(I/W'2) + 1 r~zq rqq)(1/CJ2 )

(q +f qz zy ~ yz qy +zzrqz (r ty q

L r qqrq (1/ci) + r qqrq )(,/(02) + r q (/, 2 ) +1

Let

hry hy yq

C - %K _ 2 f + 1 q y h z z h z q

1hqz hqz hqq

Forming, we have

7yy jyz y q

[6C'I ( 2 M)) 2+1 -1 J zy jzz Jzq

qy qz 'qq

19



where

Jyy ~ ~zqbIBi

J zy hzqb qy hgY h qq/B,

qy 4W hbYqz -bzxhv/B,

Jyz ~h y blhqz - h yzh q/B I

Jzz h yy hqq b yq hqy/B,

iqz hyz hqy -hyy hqz1 B

jy h=6 hzq -hzzh/B,

j zq h yq h rY ~h, 6~ zIB, and

Jqq byy h zz -b 7 2 h__/B,

where

B Wh y7 (hzz h qq hq hqz) +hyz (hzqhqy - hzY hqq)hyq (hzy hqz - hz, hqy)

Forming, we have

cyy cyz cyq

C-' Fy cZ zz Czq

cqy c qz cqici

and

C Y+C -z+c G

Lqy qz qq

20
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FinaUy, we obtain

C- I (K C- 1 E]Q Z

I yy ,rF+yqG I

(d Jq + JqqG q1

Therefore, we obtain

r y y]ry YI1 Y 2]Q2F >~ :z q i ZL: c: j (16



I

YT 'Y -ryzZ + ryq q

Z -- rZYYI , Z ! I +z ql

U12. rqyY Y' r,,,z! :4 91jq

and

Y - y Isin W: a- Y2 cosat

z - Z, sin wt + z, cos cat, and

q = q, sin wt - qcos tt

COMMENTS

A simple computer program has been written to effect these
complex solutions. This program with necessary inputs is shown
in Appendix A.

in working with these equations, one finds that the most diffi-
cult task is determining the cable spring crnstants, hydrodynamic
masses, and damping factors since there is very little information
in the literature dealing with the computation of these factors for
towed bodies. Appendix B discusses the computations.

The solutions have been used to study the motions of the
AN/SQA- 10 towed body for various ship speeds and sea conditions.
The results agree favorably with data taken at Sea States 2 and
5 with a full-size AN/SQA-10 towed body.

22
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SUMLMARY

The differential equations of motion have been written for the
case of a cable-supported towed body. The solution for a sinusoidal
forcing function input is shown in Eqs. (15) and (16). Computa-
tion of the inertial terms, spring constants, and damping factors
required for Eqs. (12), (13), (14), (15), and (16) enables one to
solve for the magnitude and phase angle of motions in surge, heave,
and pitch resulting from vertical displacements of the cable end on
the ship. A trial-and-error approach can be used to determine the
natural frequencies of the system by substituting various frequen-
cies into the solution.

4
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Appendix A

COMPUTER PROGRAM FOR COMPUTATION
OF TOWED BODY MOTIONS IN SURGE,

HEAVE, AND PITCH FOR A
VERTICAL SINUSOIDAL INPUT AT THE SHIP

INPUT TO COMPUTE SURGE, HEAVE, AND PIVTCH OF A
TOWED BODY*

sh - mass of body and tail

Wba - weight (includes tail) in air

mhby - hydrodynamic mass of body in fore-aud-aft direction

m hbz - hydrodynamic mass of body in vertical direction

mfw flood water mass

mhC - hydrodynamic mass of tail in vertical direction

b  - body weight (includes tail) In water

Yl - distance from front of body to body center of gravity in air

Y2 distance from front of body to body c aicr of vertical hydrodynamic mass

Y4 - di sance from front of body to flood water mass center of gravity

L t  - distance from front of body to tail hydrodynamic saass center of gravity
and tail damping

LT P - distance from front of body to towpoint

LcD - distance from front of body to body center of damping

Lbt - distance from front of body to center of body lift

n . distance from towpoint to body center of gravity in air

n - distance from towpoint to body center of mass in water (positive if above
center of mass)

- distance from center of mass to center of damping (minus if center of damping
below center of mass)

*Units must be kept homogeneous.

Z44



Kc -i horizongal cable spring coOat

K - vertical cable spring constant

Kb - body lift spring constant Cib p!2 Ab V' C& f (a)

Kg - tail lift spring constant C~ p12 At V2  CI= f(a)

Kdt tail drag spring constan! Cdt p12 At V2  Cdc f (a)

W displacement amplitude of towpoint on shiP

t- - angular frequency of ship's pitch motion

br - mass moment of inertia of body about center of mass

I hb - hydrodynamic mass nomen of inertia of body about center of mass

Cbv - vertical damping factor of body alone

Cbh - horizontal damping factor of body alone

*b rotational damping factor of body alone

C1  - vertical damping factor of tail

.0 - mass of towcable

Mhcz - vertical hydrodynamic mass of cable

lahcy - horizcrnal hydrodynamic mass of cable

PRINTOUT

The surge, heave, and pitch will be printed out in the following
order.

Real part of surge
Imaginary part of surge
Vector sum of real and imaginary parts of surge
Phase angle between real and imaginary parts of surge
Real part of heave
Imaginary part of heave
Vector sum of real and imaginary parts of heave
Phase angle between real and imaginary parts of heave

26
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Real part of pitch
Imaginary part of pitch
Vector sum of real and imaginary parts of pitch
Phase angle between real and imaginary parts of pitch.

The uni ; of surge and pitch will be commensurate with the
units of the input constants. The phase angles are in degrees. The
pitch angles are i adians times the body length.

4
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COMPUTER PROGRAM

F(.1' AT I" -V F MnT T r' FIrr A YfIjFr Pr~y r,4 A4 PAKFP

n I "F'SI C' TTIVCH (2 1 TT% cn IT TV 4sTKT 4) TnF(41 TT4C (5)
2 1 r7 101T (41) 9TK', (4 *F1 (..7

TF(Jrp - 1.JCAI 60206
A PAIISr 0%
7 WPTTr mtTP''T TAPF 491n01.TJI'P

101 F0DWT(tIA,//l7H FPI.hAT?nO,,s rr "CTflN FCR A TOWFD AfROV//)
Tp o'S'N'SF S;"TTCH7)'IA%

AOn fnFAD VPoT TAPF 'Aoqg1xFl C~.f
091 POO'VATr1T%3

"kFAD 10-Pt'T TAPr '.%q9)7,o frkT(T) eT--1t)
Q97 FOQM1AT I I AA)

I7FAr) JA"PitT TAPFj,9r2, tTfrT) 9,;(t),.T) oTfl(TI 912115)
"92 FW)MAT(17I'4)

PFAU 11.P*T TAPF Tr()Cr'Tt,5
A01 PFAD JAPt!IT TAPF 3,l2(OT"'Po,rATMqPY*,IPZTMIFWWRoYloy2,Y4,Tt TPVTL

1711 FCrMAT4F1~s0)
PFAD 1p'P'T TAPF 'A9q~o7FMC0,PTI.P*T?'YFYF7

090 FO'qMATt(?A.4F9*4)
DFAD 1FNPPT TAP'r 3s)Q0lJ

999 FaPMATIT4)
OFMr) Pi~tT TAPr lsQ9AoTPtTT ',TJP9TJlwnflCT

990 F~r AT(5F10.2l
r,10 2rni 1 3 1 e.JP
QFAD TNIPt!T TAPr 3912nt~fWrC(KK)K 31*41
DFAr, INPI!T TAPF 1912nf~Tr0'FC.(fV1,II I(Kal*41
rPFPO YP'WIT TAPF lol209fTTrt.JlTTdIIC7(J)TTMrYC.y1.)9Jzle5)

DE AC TI 'IT TAPE 3.9 !2f fT TVT (J 1 9TTK H Ji is 14)
OFAD I VP, T TAPF Ito I2rto ITv)T (j) .cl o4)
T5+ 0f -

K =TKIT(KKI
KY=TT"T(I(Y)

TKII= TTV.PCKKj
Mr.~ 2 M1 I. a I1Is
T16r = TT"CCL)
TMIJC7 z TTIAHCZ (I )
TIAI..CY TT'HC(YtI )

T K 'r xTTK C ( TSUM I
TKI'V : TTKCV fT ';(IR)
TmTY c TN'IA TvHPYV #TtiFw + T Fr/1 TY14CY/'Ae
Tr-'7 =TP* TP'HP7 *T"Fw~ # TPI-WT *TNICIl. +TWJC7/3,
TLr I' = CYI*T",P + Y2*TA-Hn7 *Y4*TP'Fw +T1 T*TP'H-T *ITI TO/30I*(TVC

TK- P*T'N

~T'2 (T.11 *TjwP)" CAOTi P)
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COMPUTER PROGRAM (Cont'd)

TTY a(TKC4*TH)/A
T17 a (TKCV*(TLCP .TiTp))/A
TIC af TKCHO1H**? # TK(V*CTLCP TLTP)**2 * TKTefTIT -TLCv) *TKD)

I*TVq +TKR*(TLCM - TLRL) * YKW)/IA'TLB)
TTYI z (CBHUTj)/A
T171 :(CRV*(TLCM -TLrD) * CT*(TLC' - TLT))/A
TICI 2 fCSH*TJ**? * CRV*(TLCP - TICD)**2 + CT*(TLCM - TLT)**2#
ICRO 1,'(A*TLB)
TiTY2 a TMTY/WS
TITY a TKCI4/WS
TITO z CTKCN*TH4 w TKfl)/A
TITY1 C6H/WA
TITOI a CH*TJ)/A *C!AP/(AaTLRI
T!11Z2 a TMT7iWS
TITI? a TiCCViWS
TITIC a (TKCV*(TLCM a TITO) + TKR a TKT)/A
TTITZI a(COV *CT)/WR
T;TlO1 f CRV*(TLCM - TI Cn)- CT'(TLT. TLCM * CBR/Tig)/A
PCAP a f TMX + TKCVRCTLCO - TITP)*W)/A
YCAP z FY/WB
?CAP x (FZ * W*TKCV)/WP
IF( WODl) 701*700.701

701 AA v TTYI*( TIT1ZI*TEO1 - TITTOI*TT1) - YtTTO*tTTYl.T!TlI)
CYY sfTTTIZ1*TTO1. TIlTO,.T!ZI),AA
rZY a(- TItiffl.TTYI)/AA
COY %fT!Yt*TTTI~l)/AA
CY7 x f-TT!01* T!ZI)JAA
CZ? m(TTDI*TIIYI - T!101*TIYII/AA

4C07 a(-TTTY1*T1ZI)/AA
CY0 x ITIIOl*TIIIZI)/AA
C7#m a(.TTIYI* T!Ifnlh/AA
COO x cT1IY1*T11!Z1)/AA
RYY x CYY*(TTTY - PEGA*.2*T11Y21 - TIY*Cvi4'
RYZ z CYZ*(TI!HZ - OMEGA**7*TTTTZ2) + CYG*TYZ
RYO z CY7*T!Tl0 - CYY*T1T + CYC*(TTO -T102*OMFPGA**21
RZY x CZY*(TIIY - TIY7Y*OMFGA.**) - TIY*CZO
RZ7 a CZO*T17 + CZ7*(TTITZ TTTTZ*IPFc.A**2)
RZ0 3 -CY*TIT 4 CZZ*TlTTO *CZC*(TIC a T1Q2*OMFGA**P)
ROY a CCYTIY - TTTY7*'MFGiA**7) -CQO*TIY

R07 CQZ*(T!T!Z .T11172*0MEGA**?)* COC*TIZ
POO a wCOY*TTYO *C07*,TTTOn + CCC*(TIO v T!0P*OMFGA4*7)
HYY a (RYI%1*7 RYZ*R7Y *RYQ4IRrC)/OMEGA**2 + 1*
RZY a(RZY*RYY +PZ7*PZY *R70*R0Y)/OMFGA**2
HOY x CROY*RYY *RCZ*QZY *V ' *POY)/OMFGA**2
HY7 a (RYY*RYZ *RZ7*PY7 '. ROZ*RYO)/OMEGA**2
HZZ s (RZY*RYZ *PZZ**P *R0Z*RZ0)/0MFGA**2 + to
H.07 2 (PYZ*ROY + R?7*RO7 *P00*RC7)/OMECA**2
IHYC a (RYY*RYC + RYZ*R?Q + ROC*RYQ)/OMEGA**2
HZO x(RYCORZY + P700R77 + RZC*ROC)/OMFGA**?
HOG 2 (RYC*ROY + ROO**? ; QOZ*Q70)/OMEGA**2 * 1.
BR a H.YY*(H7*HQ -H.ZO*HOZ) + IYZ*(HZO*HCY *HZy*HOQn * MY*(HZY*

11.40 - HZ7*HQY)
TJYY s(HZZ*HOO wHZP*Hn7 )/RS
TJ7Y a (HZO*HOY , HZ,'*HOO)/8R
TJrY x IHZY*HC7 -HZ7*H.OY)/RAi
TJYZ x (HYQ*HQ7 - HY7*HOO)/B
Tj7Z a (HYY*HGO - I4YO*OJY)/RB

29



COMPUTER PROGRAM (Cont'd)

TJcz a (HY2aHoY - YY*NC7)188
T.1Yo a (IYZ*NY0 w Z7'J.Yo) /P
TJQ HZY Y*DIB

.3(20 x HYY*47Z - HY7AH7YlIBB
FsCYY*YCAP # CYZ*ZCAP # CYO.PCAP
F xCZYYCA #CZZZCAD + CZO*PCAP

6 s CC'Y*YCAP # COZaZCAP + COCaPCAP
Yl a (TJYY*E o TJVZ*F *T.3Y0.e)/CMFGA
ZI a (TJZY*E # TJ7Z*F +TJZn*G)/C9tEGA
01 a C1'.3(Y*E # TJ'Z*F *Tj(C* )/OM'EGA
Y2 a (PYY*Yt * RYzZIZ # QY12'01 )/IMEGA
7 x (IR7Y'yl + QZ*71 # 07(2*(2 I/CWFGA

C2 if RCY*YI + RC * POesCt)/C0EGA
71tr YAtP z SORTF( Yl**P Y*21

7A'P z 5f0PTF(7le07 + 77*?)
'A*P z S(RTFfC1.92 #**?
TFf5SrflF SWIT02 3) W9fl) Ifl

qafl A'jTTv r'UTP'lT TAPF 490*IY9TT7Tri~llTTITTZ*TT
li.?!TY1,T!ZI.TJ(21TtlYeTITC.TTI!77,TIIICTTYT7.TTOYCAPZCA0,PCAP

104 FG4,m.T(1Pj * PH ThTY2 soF1S.Aq %~. TT)jZ? =*FlS.P97N Tt(2 =,F'~oP9

2=qcl)'.POP1 ThY) =9F1%.R.7N T171 x9Fl~eP,7H4 TT01 x9F1l5./ 7HM lY
3asrloP*7 Ttl :,Fl5o 5~4 TitT :,vF5flPI4 TTT~fl :,Fi5.'1,6H TTY

&,F~I.8/IAP T11 =*Fl.qAu Ttn :,Fl5.897lP YCAP x9F15.R971. 'CAP :,FI'5.R,7

is) Foqy4PT(iN0'vll7P 'iN4T L.T CT J~l JHPt OE.
Is~ 'l ke r CI7 M'4cy KC1 KCVw

.RTTP P1UTNIT TADF 4,15",T JTTI T.CTTJP.TJHPolmFfATKTTKRTQCTMH
tN* T?.'HCYvTKWK.CV9W

IFfJ~f D)) 7fl3.7fAt3

YA'Gt1 = TW TA
CAll ArTM(?1v77oTPFTA9T)
ZA411 T14FTA
CAll ArTN(t!t,(27#TPFTA9Tl
A61 z THETA

Y3 z-Yl*CrSF(YA0Gl Yp)0;TrFfYANGI
73 z .. 71*CoSrC74N(G ) - 77*S!~.F7ANCI
03 z -r1*C0SPVfAMGIl ) - 'P?*A1NF (rAN(,L)
GO Tn 705

701 CAll ACT"i(Y2%YlTH.FTATl
YAtlGL x THFTA
CAIAl AlCTt(729719T;4FTA9T)

7A61 THETA
CA' L ACTt' fC'7,I'1,TFTAT1)
fA",Gl =THETA
yl z -y1 *S Trip (VAVC - V*t1tA1
Z3 x.Zl1*STNFfANGL) 72?*Ce~F(7A"CL)

P3 = -tlSTNT-1) ,*nFrk

70S TF( Y31 #CAIO7*6C'7
406 TF(Zl) hfSM9m
60A IF(CI) 609961~705('7
AO' 'WRITF CLY'11T TAPE 4*41V', Y19.7loCl

Aflq WPiTF nt.TPIT TAPF 4,9A1'3ktlY 7 1,7?,779QYAr29AMPAIPAP*ANCI *ZAN

30



COMPUTER PROGRAM (Cont'd)

is6 FOOMAT(1140, SH. yI vFlcoA. 514- Y7 :,F15*A*S5M 71 **FIS*49514 Z2 soF1598
TOB. SHJ Cl zoFISoP, 5F- C2 z*F15.R//7fM YAM'P seFlosaft7H 7A'MP 89F15S.
27H1 QlAMP 2*FIS.R//RH4 YA&.61 s*FIS.P,'Ii ZANGL *,FI5oA98s4 CAn1GL *91FISo
3A)
TF(SENSF SWITCN 1) 670*671

670 YIn x -TTY
((P1ST v

Yra wTTYI
OITD1 -TTI()l
OTTO 2 TIIC

603 FCQMATB3F20ofi)
WRITE OUTPUT TAPF 6.AO1,TIfl2,TTC1,T1OCCNSTYnl.Y!DgCflNSTsT171.T1Z

I .CONST9PCAPCM5T
WRITE OUTPuJT TAPr AAC1,COt'STo.11IO,IW,*TIY7.TIY1.T!IY.CONSTCO
INSTorf0N5TsC0ISTvYCAP*Cn0'I4;T
WRTTF OLTPIJT TAPE A,6M.(tnP?5ToT111O1,T!IIC.C0'ST.C0NSTCCNSToTT1Z
17,T1 1171 .TIIT7,C0NtT.ZrAP.(CONST

621 TF(SEtJSE SWITCH 2116020701
602 CALL SFTI!P(TR)..d1Tf)1S)T0

TINC 8 rNCR
TIN'CO a 1.0/TINC
TMAX x 6o2R1B53/nMFGA
IJ x TPAX/TINCR + 1,
On0 995 JJ x2ot
TI x J.j - I
ANA a TI*TTNCR*OMFGA
Y xvl*COSF(ANGi) + YP*r-TlkF(ANG)
Z c Z1*CnSF(ANG) + Z2*sT%!FAjc
0 x C1*C0SF(ANG) 4 Q2*STNFtAPIC)
X = C05F CANG)
woonfl) a ANtI
W0OOlI2) s Y
W001)(3) x 7
WOQD(4) 9 0
W0VD(5) x X
IFiSENSF SWITCH 3) 500.501

o~nn WRITE OUTPUT TAPE 4,507. (WORD(IHtI.51
507 FOPMAT(IH iSFl5.Rt)
9;0 CAIl IPLCT fW0Prf) ;F(lI ,9NXSFC P0,1 CCIV1) 1 M)
995 CON'T INUF

CALI Cl lF(In0,)
701 CON~TINUE
704 C04'TINIJF
700 CONTINUE

IF (,EKISF SWITCH 1)672.E6)I
622 END~ FILE 6

FNf' FYi F A
623 RhAD INPUT TAPE It 109, ISTAR
10q FOPMAT(AI)

IF fID - ISTAR) 55.51 S5
0; PRINT 110,t I.JnP

110 FOfMAT(1lwA//30Wo4SI0lL PE Fl1(l CARID IM IS NOT)
EN') FU(F 4.
STOP 555

r) F~f F~ I 4
5TrP 15
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Appendix B

COMPUTATION OF HYDRODYNAMIC MASS, DAMPING,
AND SPRING CONSTANTS

COMPUTATION OF HYDRODYNAMIC
MASS CONSTANTS

As shown in Eq. (111, the mass matrix

r 0 0

0 atz 0

0 0 Jb+jhb

must be evaluated. If the body has a plane of symmetry defined by
gravity and the fore-and-aft direction, and if the coordinate axes
are along the principal axes of inertia, this matrix in its complete
form would be

0 mtzz mtza

L mtay mtaz mtaaJ

where

mt  is the total mass in a given direction.

The total'mass is composed of the body mass (or rotational inertia),
the flood-water mass (or rotational inertia), and the hydrodynamic
mass (or rotational inertia). The cross-coupling ''masses, mtya t

1r
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?S

! - * n-,y and m. , are hydrodynamic masses only.
because of the above choice of coordinate axes.

li Hydrodynamic masses for bodies of various shapes moving in
translation have been determined experimentally by Patten.3 ' The
effects of frequency and displacement amplitude have been investi-
gated by Miller. Hydrodynamic mass moments of inertia can be

computed for ellipsoids in accordance with the methods of Zahm. 5 3

Information can not be found in the literature that enables one to
compute the cross-coupled hydrodynamic masses. Consequently,
the mass matrix used in Eq. (12) has all off-diagonal elements
equal to zero.

COMPUTATION OF DAMPING CONSTANTS

It is extremely difficult to find data in the literature that enable
one to compute the damping constants for a towed body. Newman 4

presents an analytical technique to compute damping coefficients of
ellipsoids. Patton 5 presents experimental data for model towed
bodies moving in translational motion. These data can be scaled
to a full-size body if scaling laws for size and frequency can be

determined. This method was used in the computation of damping

constants for the AN/SQA-l 1 VDS towed body.3 6 It was assumed

that the damping varies with the cube of the body size.

B 1 K. T. Patton, "An Experimental Determination of Hydrodynamic Masses and Mechan-

ical Impedances," Master of Science Thesis, University of Rhode Island, Kingston, Rhode Island,
May 1965. (Also published as USL Report No. 677, 5 October 1965).

B 2 R. J. Miller, "The Effect of Frequency and Oscillatory Amplitude on Hydrodynamic
Mass, " Master of Science Thesis, University of Rhode Island, Kingston, Rhode Island, May 1965.

B3 A. F. Zahm, Flow and Force Equations for a Body Revolving in a Fluid, National Advisory
Committee for Aeronautics Report No. 323, 1929.

B4j. N. Newman, "The Damping of an Oscillating Ellipsoid Near a Free Surface," Journal
of ShiZ Research, vol. 5, no. 3, December 1961, pp. 44-53.

D K. T. Patton, op. cit. (see footnote B1 above).
B6 K. T. Patton, "Preliminary Towing Tests of the AN/SQA-11 Dense Body Model," USL

Technical Memorandum No. 933-057-65, 17 March 1965 (CONFIDENTIAL).
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Experimentally measured rotational damping constants and

cross-coupled damping constants can not be found in the -literature.
The damping oi the AN/SQA-I I towed body oscillating in the pitch
mode was approximated by computing the damping on an equivalent
ellipsoid after the method of Newman.

COMPUTATION OF SPRING CONSTANTS

The spring constants due to the body lift and the tail lift have
been considered in the text. A certain amount of judgment is called
for at this point because the springs may be nonlinear. (ACfb
and ACIt may be nonlinear.) One must estimate the pitch
amplitude and substitute the best approximate linear values for the
actual nonlinear values.

The cable spring constants Kc and Kcv, can be computed
by considering two springs in series. The first spring represents
'the axial extension of the cable under some load. This spring con-
stant is given by

AE

where

A = cross-sectional area of the cable,

E = cable modulus of elasticity, and

L = length of the cable.

The second spring in the series combination is due to the changes

in configuration of the towcable because of changes in load at

the towed body. First, the equilibrium configuration of the system
is computed by using suitable tables or, possibly, the computer

14
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solution programmed by Cuthill.Y7 The drag of the body is then

increased by some amount typical of the dynamic loads e.xisting
in the cable. The new configuration is computed, and the change

in trail distance is used to compute a spring constant K, The
change in depth can be u.sed to compute a cross-coupled spring
constant Ky,~. The samne process is undertaken to compute the
spring constants Kz, and K Z, by increasing the weight of
the body.

Equivalent spring constants Kch and Kc, are computed
as follows:

Kch K YKI sin 06
K Y+ K IsinS 0

and

K K= K Cs____
CV Kz + K ICos 0

where

9 is the angle (from the vertical) of the towline at dhe towed body.

The spring constants K ch and K , are not constant
because the springs that they represent are nonlinear. One should
compute a number of deflections for different increments of drag
and weight to approximate the nonlinear springs in the yy- and
zz-directions with linear spring constants Kch and KC

B7E. Cuthill, A FORTRAN Program for the Calculation of the Equilibrium Configuration of
a Flexible Cable in a Uniform. Stream: David Taylor Model Blasin Report No. 182, May 1963
(UNCLASSIFIED).
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